Abstract-This paper presents an experimental procedure for retrieving the effective constitutive parameters of chiral materials. Unlike past research that primarily deals with isotropic materials, this study considers a lossy uniaxial bianisotropic slab with a nonzero chirality along its axial direction. First, plane-wave scattering off the uniaxial slab in a free-space environment is studied analytically. This forward analysis gives insight into the problem and the choice of proper independent measurements required for the inverse process, i.e., retrieving the slab constitutive parameters from its -parameters. Based on this analysis, three sets of co-polarized and cross-polarized -parameters are required, including both the transmission and reflection coefficients of the slab. Given the measured scattering data, the complex permittivity, permeability, and chirality tensors are determined numerically using the results of the analytic study. To test the performance of the new retrieval method, an array of 2 56 long, metallic helices is designed and fabricated for operation at -band. Having the same handedness, the helices are closely spaced and held in parallel to each other in a wooden frame in order to create an effective uniaxial chiral medium. A conventional transmission/reflection setup measures the array scattering parameters, which are fed into the retrieval process to obtain the effective parameters. The measured parameters well model the array scattering response, exhibiting a significant averaged chirality of 0.4 over 5.5-8.7 GHz and a plasmonic behavior at 7.1GHz.
I. INTRODUCTION
E NGINEERED composite structures with prescribed macroscopic electromagnetic characteristics have been the subject of intense research over the past decade. Drawing a lot of attention, negative refraction index has been the objective of many researchers in this multidisciplinary area. Inspired by the Veselago's hypothesized double negative medium [1] , a structure with such behavior was invented by Smith et al. [2] . While the past research has been focused on permittivity and permeability, the material constitutive parameters directly related to the refraction index, some researchers have taken a chiral approach toward the negative refraction [3] . Utilizing chirality in designing a desired refraction index, Lakhtakia introduced the chiral nihility medium with a negative index [3] . Having effective null permittivity and permeability parameters, this chiral material, like the Veselago's medium, was shown theoretically to support backward-wave propagation with a negative index. This approach was further developed in [4] and [5] . Later, [6] claimed that a uniaxially chiral medium may actually support more eigenwaves with a negative index compared with isotropic chiral media and the left-handed materials. Experimental demonstration of the negative index through chirality is still an ongoing research [7] - [10] , demanding more research on the design, fabrication, and characterization of such structures.
Scattering properties of chiral materials have been well studied over the years [11] , [12] . Being one of the constitutive parameters describing a material, chirality relates to the polarization distortion (rotation) imposed on an electromagnetic wave passing through the material. This rotary effect is generated as a result of the coupling between the electric and magnetic fields of the wave [13] . Depending on its handedness, a circularly polarized wave impinging upon a chiral material produces different responses. This observation establishes the basis for fabricating chiral composites. Small elements with a certain handedness, once arranged properly in a given volume, construct an effective chiral medium. Examples of such elements include metallic helices [14] and omega elements [15] embedded in a host dielectric medium.
Characterization of isotropic chiral materials has been addressed previously both in theory and experiment [16] - [19] . Isotropic samples of this kind are described by four scalar parameters and often are represented using the constitutive relations and , [17] . Scattering analysis of a normally incident plane-wave upon a planar sample of the isotropic material [11] reveals that one reflection and two transmission measurements are enough for extraction of its constitutive parameters [18] . The measurements are performed using a conventional quasi-optical transmission/reflection (T/R) setup [20] - [24] . Engineered chiral composites, as mentioned above, often use asymmetrical and anisotropic building blocks. Such composites have direction-dependent properties, and as a result, they are described using a more general tensorial form of the constitutive relations.
This paper explores the characterization of bianisotropic media. The theory of the wave scattering from such materials (forward analysis) is well established [11] , [25] , [26] . As for the inversion, i.e., retrieving the constitutive parameters from the -parameters, researchers either utilize simplifying 0018-9480/$31.00 © 2012 IEEE assumptions, e.g., a lossless condition or a unity permeability, or use optimization techniques. A fully numerical optimization approach based on the simulated annealing was proposed in [27] to characterize a composite consisting of small unidirectional helices in an epoxy medium. A helix medium was characterized numerically in [28] through an appropriate averaging process. The average field quantities were computed and then used to calculate the material parameters using the constitutive relations. A homogenization model was employed in [29] to characterize a similar helix structure. Using an approximate analysis, this model used a permittivity tensor, permeability tensor, and magnetoelectric tensor to describe the helix medium. Although the magnetoelectric tensor is a qualitative measure of the chirality, this study investigates an explicit form of this constitutive parameter.
A retrieval method was reported in [30] for a biaxial bianisotropic chiral structure. The nondiagonal (nonaxial) form of the chirality tensor made the retrieval process analytically feasible for a lossless condition. To account for the loss, a numerical method was provided [30] . An S-ring resonator medium [31] was introduced as an effective biaxial bianisotropic material. The diagonal form of the single-entry chirality tensor modeling this medium was claimed to make the analytical calculation of the constitutive parameters impractical [31] . Instead, these parameters were calculated approximately from analytical formulations for a simplified case, assuming a lossless S-ring medium and a unity effective permeability.
In another attempt, a fully numerical optimization method was provided in [32] . Assuming a general bianisotropic medium, this method used the differential evolution [33] and the Nelder-Mead simplex [34] techniques for optimization. Starting from the lowest frequency in the band of interest, this method first optimized the solution for the permittivity and permeability tensors assuming zero chirality at the lowest frequency. Next, to proceed to higher frequencies, linear extrapolation of the results at the two previous frequency points was used for initializing the optimization. This method requires running an extremely involved optimization routine at each frequency step, which makes the retrieval process computationally intense [32] . In addition, this method seems improper when the cross-polarization (chirality) is not negligible at the lower frequencies in the band.
Here, we aim at developing a semianalytical approach for characterization of lossy uniaxial bianisotropic media with an axial chirality. In the following, first a brief discussion on the analysis of the problem is provided. The result of this analysis is a system of equations obtained from the boundary conditions at the air/chiral medium interface. This will lead us to Section II, in which the necessary scattering coefficients needed in this analysis are determined. Next, experimental aspects of the design and the T/R measurement procedure are described, where a 2 56 element array of long helices is fabricated and measured at normal incidence. Having a periodicity much smaller than the electromagnetic wavelength, this array can be approximated as an effective medium of the type of interest [25] . Finally, the retrieved constitutive parameters are presented, followed by a discussion on the accuracy of the results. It will be shown that in light of physical insight into the problem, the optimization portion of the retrieval process can become very short and robust.
II. FORWARD PROBLEM ANALYSIS
As mentioned earlier, to model the dependence of a material properties on the direction, tensorial forms of the constitutive relations are used [17] (1) (2) Parameters , , , and are 3 3 complex-valued matrices. For reciprocal materials, it can be shown that , , and [17] , where stands for the transpose matrix. Consider a 2-D periodic array of long helices placed on the --plane with their axes parallel with . The helices have the same handedness and their period is the same along and . At frequencies where the period is much smaller than the electromagnetic wavelength , this array can be treated as a whole homogenous material in the macroscopic regime [11] .
Given this arrangement of the helices in the array, two major directions are specified; the axial direction (optical axis), which is , and the transverse direction. The transverse direction could be either or . This is because of the symmetry on plane, as the array is invariant with respect to 90 rotation around its axis . Plane-wave excitation of a helix parallel with the wave polarization [35] generates a scattered magnetic field component, which is parallel with the incidence polarization. This indicates the ability of the helix in generating coupled fields and rotating the polarization. Given its coupling mechanism and symmetry properties, the helix array is represented through the constitutive tensors [25] In these matrices, subscripts and denote the axial and transverse directions, respectively.
A. Dispersion Relation
Consider a plane-wave propagating along in chiral medium with the constitutive parameters provided above. In this section, the characteristics of the wave vector over frequency are determined. To solve for eigenvalues of the propagation vector, the constitutive relations [see (1) and (2)] along with the Maxwell's equations (listed below) are used to find a matrix equation governing the behavior of either of the or fields. The eigenvalues of the this problem construct the dispersion relation where is in general a complex vector. Solving the equations for the field and rewriting the equations for the field gives the following matrix equation for the electric field [17] :
where , and is the identity matrix. for a vector is defined as a 3 3 matrix shown as follows:
The results of this eigenvalue problem are shown in (3) [17] . It can be shown that if and , then corresponds with a wave , and is the propagation constant for a wave , [11] (3) Each eigenvalue here corresponds with an eigenvector, representing the propagating polarizations inside a chiral medium of the type described above. The eigenvectors for the propagation along are calculated as functions of the eigenvalues to be (4) where is a measure of ellipticity of the polarization. Notice that for propagation in the -direction , changes sign.
B. Uniaxial Bianisotropic Chiral Slab in Air: T/R Analysis
The geometry of the problem is shown in Fig. 1 . The uniaxial layer has a thickness of and its optical axis is along . Two orthogonal polarizations are assumed as the incident wave in the following; one parallel and the other perpendicular to the optical axis.
1) Parallel Polarization Incidence:
This section considers an incident polarization parallel with the optical axis of the uniaxial slab. The axial incident plane-wave is , which represents a -polarized plane-wave propagating along . The total electric field in the three regions shown in Fig. 1 
are
Given the Maxwell equations and constitutive relations, the magnetic fields in each region can be derived. This relationship for a propagation of the form of is provided in the following: Fig. 1 . Geometry of the problem: 2-D one-layer structure consisting of the uniaxial slab in the air. The optical axis is in the -direction, and the excitation is normally incident upon the slab and traveling along .
By defining proper reference phase planes, the unknown coefficients ( through ) can be related to the scattering parameters. Assuming that and are, respectively, the reference planes for the input (port 1) and the output (port 2), we get , , , and . The superscripts refer to the receive/transmit polarizations, respectively. For example, is the cross-polarized reflection coefficient meaning that the transmitter is polarized parallel with the optical axis , while the receiver has perpendicular polarization . By enforcing the continuity of the tangential fields at the two air-slab interfaces located at and , we arrive at a set of eight equations as follows:
where (6) 2) Perpendicular Polarization Incidence: For the perpendicular excitation, the incident wave is of the form of . The electric fields in the three regions shown in Fig. 1 for this case are Using the reference phase planes defined in Section II-B.1, we have , , , and . Similar to the parallel case, by applying the boundary conditions, the following eight equations are derived:
III. RETRIEVAL OF CONSTITUTIVE PARAMETERS In this section, a procedure for extraction of the constitutive parameters of the uniaxial chiral material described above is provided. Ideally, one would analytically solve the two sets of equations derived from the forward analysis in Section II for the constitutive parameters. However, the two sets shown in (5) and (7) are too complicated to solve analytically or numerically, for example, using Mathematica.
A semianalytical method for retrieving the constitutive parameters is discussed here. This method simply first seeks a good estimate solution for the problem and next uses a numerical routine to polish the estimate solution. The goal of the numerical analysis is to achieve a reasonable match between the measured and estimated scattering parameters.
A. Estimate Solution: General Approximation Method
The first, and perhaps critical, step in solving a system of nonlinear equations numerically is to find a "good" estimate solution. Serving as the initial input value, this estimate solution reduces the computation cost. To find such an estimate, we need to go further back and focus on our knowledge about chiral composites. Specifically, we need to establish an understanding on how -parameters respond to a small perturbation in the constitutive parameters, especially the chirality . An array of metallic helix elements placed in parallel is an effective uniaxial medium [11] . Depending on the handedness of its elements in the array, such a composite can be either nonchiral or chiral. The chirality is negligible when the neighboring elements have opposite handedness and is significant when all the helices use the same handedness. To closely investigate the effect of handedness (chirality) on the permittivity and permeability tensors, a sensitivity analysis is performed using an Ansoft HFSS full-wave simulator. A single helix is used as the building blocks of two different arrays: one with alternating handedness (nonchiral) and another with a fixed handedness (chiral). Both arrays use the same geometrical parameters.
The sensitivity analysis reveals only a slight difference between the co-polarized -parameters of the two arrays. The cross-polarized responses, however, differ substantially. This implies that co-polarized -parameters have much less dependence on , and therefore, can be well estimated given the other constitutive parameters, i.e., . Conversely, the co-polarized data by itself should be sufficient to find an estimate of . In other words, this study suggests that the chiral and nonchiral arrays have similar permittivity and permeability parameters.
1) Estimating Permittivity and Permeability Tensors:
As suggested in Section III-A, the zeroth-order approximation with respect to is first used to determine the obtain the first order values of . To do this, a conventional method first introduced in [21] is used here. Equations (8)- (10) describe this method, demonstrating the equations relating the -parameters to the characteristics of a slab material with the thickness of in the air [21] (8) (9) where parameters and are defined as (10) To calculate and from the measured and , (8) and (9) are used to calculate and , which, in turn, determine the wavenumber and the wave impedance . and can be extracted from and [22] . Assuming , the propagation constant (3) is reduced to for the axial incidence (Section II-B.1) and to for the perpendicular incidence (Section II-B.2).
After calculating , the co-polarized axial and perpendicular reflection/transmission coefficients of the chiral slab are used to determine the estimates and , respectively.
2) Estimating Chirality:
The estimate constitutive parameters obtained in the previous section, , are used here to calculate an estimate chirality. In this calculation, the zeroth-order approximation of the -vector (3) with respect to is utilized. This is a reasonable starting point as the chirality is typically a small quantity . With these assumptions, parameters and become independent of , and and become inversely proportional to [see (6) ]. This simplifies the two nonlinear sets of equations describing the boundary conditions [see (5) and (7)] to linear systems with respect to .
To obtain an estimate chirality , the linear version of (5) is solved here. Representing the boundary conditions in the axial analysis, this set includes eight linear equations and five unknowns . All the -parameters in this set are measurable, except for a cross-polarized reflection coefficient . This is due to the antenna system used for the measurement, which operates with a fixed polarization at a time. This limitation is circumvented by eliminating from the overdetermined set. Appearing in (5) Once the estimate solution for all the constitutive parameters is known, the forward analysis formulation is used to calculate the corresponding approximate wave amplitude coefficients ( for axial and for perpendicular). The result of this approximate analysis is the estimated values for 13 unknowns in the inverse problem .
B. Fine Tuning the Estimate Solution
In this section, a simple iterative scheme is used to minimize the deviation of the estimated -parameters from the measured ones. As the initial value for this analysis, the approximate solution obtained in Section III-A is employed. Next, a scalar error function is defined in order to minimized the deviation.
The forward analysis of the chiral slab presented in Section II results in a total of 16 equations, shown in (5) and (7). As mentioned earlier, the cross-polarized reflection coefficients are eliminated to arrive at a total of 14 equations. In each equation, the left-hand side is the known measurable data, whereas the right-hand side is calculated from the estimate solution.
An error element is associated to each equation and is defined as the difference between the data (left-hand) and calculation (right-hand) sides of that equation. This constructs an error vector with 14 elements , given that there are 14 equations. The scalar error function used here is the length of the error vector scaled by a weight vector . Weighting is necessary here as the error elements ( 's) are absolute values and need to be normalized A MATLAB routine called "fminsearch" is used to minimize . Being based on the simplex method of Lagarias et al. [36] , this routine finds a local minima for the error. Iterating this method for a small number of steps ( 5-6), one can achieve a perfect agreement between the measured and calculated (tuned) scattering data.
IV. EXPERIMENT

A. Design, Fabrication, and Measurement Setup
A chiral uniaxial sample is fabricated for experiment [37] . The sample is a 2 56 element array of metallic helices placed in a test frame. The helices use the same handedness and are placed in parallel (along ) to produce an enhanced chirality and a uniaxial behavior, respectively. The array arrangement for two periods is shown in Fig. 2(a) . In this figure, stands for the center-to-center element spacing along and , is the array thickness, and is the inner radius of the helix. Each helix has a wire thickness of , a pitch size of , and a length of along . The helix structure parameter values are provided in Table I .
A free-space T/R setup, shown in Fig. 2(b) , is employed here to measure the -parameters required for the retrieval process. The T/R setup consists of two lens-horn antennas of the same model that are placed on an optical table. An 8510C vector network analyzer (VNA) is connected to the antennas for collecting the scattering data. Facing one another, the antennas are twice their focal length apart and are aligned with the test slab. The slab is placed halfway between the antennas on their focal plane [22] , [23] . The setup is aligned such that the antennas' main beams are normal to the slab at its center. For calibration, the conventional thru-reflect-line (TRL) procedure is performed to maintain a good calibration [21] . The measured responses are further polished using the time-domain gating feature of the VNA to eliminate undesired reflections.
To minimize the diffractions from its edges, the test slab should be large enough to capture the antenna main beam. Unlike conventional horns, a lens-horn antenna generates a collimated beam; and therefore, smaller samples can be characterized using this setup. The operation bandwidth of the antenna, however, is limited by the lens to 8.5 GHz. To find the minimum dimensions for the test slab, each antenna is measured in isolation for beamwidth at its focal plane, which is 350 mm away from the antenna. Simply, a small horn antenna is used as a receiver to measure the power distribution on the focal plane. The measured received power on the -and -planes (along and in Fig. 2(b) , respectively) suggests that in order for the incident power to be 10 dBm lower on the edges of the sample compared to its center, the sample should be at least 350-mm long (in ) and 230 mm-wide (in ).
In the T/R setup, a critical element whose accuracy directly affects the measurement, especially in terms of phase, is the slab-antenna distance control. This is due to the high-frequency band at which the measurements are performed. In our setup, each antenna holder is bolted to a translation stage on the optical table, which allows for a precise control of the antennas' spacing by a fraction of a millimeter. The sample positioning, however, degrades the overall accuracy to 0.5 mm. Each millimeter corresponds to 8 phase shift at 7 GHz. To remedy this accuracy issue, a proper averaging is applied on the phase of the measured reflection coefficients [23] .
B. Experimental Retrieval Process
Given the measured -parameters , , , , and ( ideally), the helix array is fully characterized using the retrieval process of the constitutive parameters presented in Section III. To do this, an estimate solution first is obtained from the measured co-polarized -parameters , as discussed in Section III-A.1. Next, this estimate solution is used to approximate (see Section III-A.2). Given the estimate constitutive values, the expected -parameters are then calculated from the forward analysis in Section II. The calculated -parameters obtained from this approximate analysis compared with the measured data are shown in Fig. 3(a)-(d) . The calculations' results agree fairly well with the measured -parameters, justifying the assumptions made in this approximation. The estimate result, therefore, is a good starting point for the final step, which is fine tuning the constitutive parameters. The estimate solutions for the constitutive parameters are shown in Fig. 4(a) and (b) .
To minimize the deviations of the calculated -parameters from the measured ones, the iterative process discussed in Section III-B is applied next. Using the estimate solution as its initial values, this process generates an accurate solution in a small number of steps. The calculated scattering properties of the helix array, after numerical tuning, compared with the measured -parameters are provided in Fig. 5(a)-(d) . As shown, calculations agree perfectly with the measurements, both in magnitude and phase, demonstrating the accuracy of the retrieval process. The retrieved constitutive parameters for the helix array are shown in Fig. 6(a) and (b) , exhibiting a significant chirality over the 5.5-8.7-GHz band. The normalized chirality is measured to be 0.4 on average in this band. Axial permittivity reflects the plasmonic behavior of the metallic array, demonstrating a zero crossing at 7.1 GHz [see the top, left graph in Fig. 6(a) ]. In comparison, the estimate [see Fig. 4 (a) and (b)] and the tuned solutions for the constitutive parameters of the helix array are indeed close, thus showing the validity of the approximate analysis discussed in Section III-A. This helped to ease the minimization (tuning) process. Nevertheless, these values are well within the range predicted for similar composites in earlier work [27] - [29] .
V. CHARACTERIZATION AND MEASUREMENT PERFORMANCE
To verify both the measurement accuracy and the modeling technique presented above, a mixture of analytical calculations and a full-wave approach is presented here. Essentially, if the measurements are done properly and the characterization is correct and unique, the model should be able to predict the behavior of the same chiral medium at different thicknesses. Here, we check the thickness dependence: the effective constitutive parameters obtained for the fabricated two-layer helix array are used to predict the frequency behavior of a simulated three-layer version of the same array.
Using the same parameter values provided in Table I , the three-layer array is simulated in HFSS to obtain all of its co-and cross-polarized scattering coefficients. Next, the array -parameters are calculated analytically using the measured constitutive parameters of the thin array [see Fig. 6(a) and (b) ]. These constitutive parameters feed the forward calculation of -parameters, presented in Section II, assuming a three-layer thick uniaxial chiral slab. The calculated -parameters compared to the full-wave simulation results are provided in Fig. 7(a)-(d) , demonstrating a good agreement between the model and the full-wave predictions. In another test, this approach was applied to the case of a one-layer helix array, which led to a similar close agreement. This process confirms that the characterization method provided in this paper is accurate and the solutions are unique. It should be mentioned that there are some minor discrepancies between the measured scattering data and the HFSS simulated results that are included in this performance test. In other words, the agreement shown in Fig. 7(a)-(d) would have been almost perfect if the constitutive parameters, used for forward calculations, had been extracted from the full-wave simulations rather than the measured data. Nevertheless, the test results exhibit a good prediction by the analytical model. This not only verifies the characterization method, but also implies that the measured data should be very close to the full-wave simulations' results. We have observed that in the results not shown in this paper. This provides high levels of confidence in the accuracy of the measurement system. To assure quality performance, we have also tested a number of samples with known isotropic dielectric constants using our T/R setup. The test results are consistent and repeatable.
Finally, it is necessary to emphasize that the problem discussed in this paper assumes that a homogeneous model exists. This is an accurate approximation so long as the array periodicity is smaller than the operating wavelength . At higher frequencies, this approximation might be less accurate as the homogeneity assumption is invalid. Another practical difficulty in characterization is associated with the resonance behaviors. This includes half-wave element resonances, in periodic arrays of small elements, and geometry-based resonances related to the slab thickness (for instance, when the slab thickness becomes a half-wavelength). At resonance, the phase measurement becomes unreliable, and so does the characterization. Such conditions degrade the performance of any experimental homogenization based on the scattering characteristics of the material under test. 
VI. CONCLUSIONS
A new method for retrieval of the constitutive parameters of a uniaxial bianisotropic medium has been presented in this paper. Given the co-polarized scattering parameters of a slab sample of the medium, the permittivity and permeability tensors describing the uniaxial medium are first calculated approximately. This is done by assuming a zero chirality or equivalently ignoring the cross-polarized -parameters. The approximate tensors are then used to calculate the first-order approximation of the chirality. The forward calculation of the -parameters from the estimate constitutive parameters reveals that this initial solution predicts the measured scattering data fairly well, thus significantly easing the follow-up tuning step. For fine tuning the estimate solution, a simple numerical routine is used, which results in a perfect match between the model and the measurement results after 5 iterations. To test the new retrieval method, a composite material of the type of interest is designed and fabricated. This composite is made up of an array of long helices that are closely placed in parallel. The array has two layers and 56 columns. Having the same handedness, the helices construct a chiral slab with a uniaxial behavior. A T/R setup measures the -parameters of the helix array. The measurements are performed for two orthogonal polarizations, one along the material axis and the other perpendicular to the axis. Given its -parameters, the array is fully characterized using the new method. The retrieved constitutive parameters well predict the measured scattering response of the array over the 5.5-8.7-GHz band, demonstrating a significant chirality of 0.4 and a plasmon frequency of 7.1 GHz. The measured constitutive parameters are within the range predicted in earlier work concerning similar helix composites. Finally, for verification, the extracted model for the two-layer array is employed to predict the frequency response of a thicker version of the array with three layers of helix. The model predictions agree reliably with the -parameters obtained from the full-wave simulations of the three-layer array. This validates the accuracy of the new experimental characterization technique and the robustness of the extracted constitutive parameters.
